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Definition
The function f : R — R is differentiable in X € R if the limit

lim f(x+ h)—f(x)
h—0 h

exists. If it does, we denote it as df( ) or f'(x), or ().

NOVA.
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Definition
The function f : R” — R is partially differentiable in X = (X1, X2, ..., X,) with
respect to x; if the limit

lim f()Aq,...,)A(j—i-h,)Ag_H,...,)A(n) — f.()Aq,...,)A(j,)A(j_H,...,)A(n)
h—0 h

exists. If it does, we denote it as af(x) , or £ (X).

P. Fagandini



Definition

If f:R" — R is partially differentiable in each coordinate of X, then its gradient is
defined as:

P. Fagandini



Definition

If f:R"™ — R™ is partially differentiable in each coordinate of X, then the Jacobian
matrix (also denoted V£, and Df) is defined as:

OR(X)  Ofi(R) Of (%)
Ox1 Ox te Oxp
0fz (X) Ofz (X) Ofz(X)
Vi) = [ P e
(%) Ofm(R) Ofm(R)
Ox1 Oxo e Oxp

where in this case fj(X) represents the coordinate i of f(X).

NOVA.
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Definition
The higher order derivative is defined recursively, consider the derivative of f, of
order n, on X as,

Definition

The second partial derivative is defined as:

O*f(x) 0 (0f(%)
Oxi0x; = Ox; \| Ox;

It is well defined if both limits exist.

NOVA.
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Definition
Let f be a differentiable function for any x € J, then we say f is differentiable in J. If
f’ is well defined and continuous on J, we say that f is continuously differentiable

on Jor Cl. If f' is differentiable at every X € J we say f is twice differentiable, and
if £ is continuous, we say that f is twice continuously differentiable or C? in J.

In general, if £ € C" then we say that f is n-times differentiable, and (") is continuous.
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Definition

The Hessian of a function f is the matrix with the second partial derivatives of f.

92F(%)  O2f(X) 92F(X)
(0x1)? Ox20x1 "' Ox10xp
9%f(x)  O%F(x) 9%f(%)
R 5 ...
H( f’ X) — BX2-BX1 (8X2) aXz.aXn
9%2f(x)  O%F(x) 9%f (%)
OxnOx1  OxnOx2 """ (0xn)?
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Conjecture

Let f,g : R — R differentiable, it holds that:
L (f+g)'(x) =f'(x) +&'(x)

2. (f-g)(x) =f'(x)g(x) + f(x)g'(x)

3 (g) (x) = f/(X)g(X)*)i;(X)g’(X)

4

5

g(x
. If h(x) = f(g(x)), then K (x) = f'(g(x)) - g’(x). The glorious chain rule!.
. Let f:R" — R and g : R — R". Now let h: R¥K — R as h(x) = f(g(x)), with

X = (X1, 0oy Xjy ooy Xk)-

Oh _ ~ Of(x) 9(g(x))i
3&_;8@(@); 0xj

With (g(x)); the coordinate i of the vector g(x) € R".

NOVA.
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Theorem (Implicit Function)

Let f : R" — R a function such that f(z) =0, with z = (zy, z2, ..., zp).

If £, (z) # 0, then there exists a differentiable function g : R"~* — R such that
71 = g(z0,23,...,2p), and f(g(xa, ..., Xn), X2, ..., Xn) = 0 for any (xa, ..., xn) near
(227 "'7Zn)'
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Theorem (Mean Value)
Consider a differentiable function f : [a, b] — R, then there is ¢ € [a, b] such that

f(b) - f(a)

fi(c) = b—a
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Conjecture

Let f : R — R be differentiable. f is strictly increasing if and only if f'(x) > 0 for any
x € R.
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Definition

Given xp € R and f : R — R differentiable (at least k times). The k — order Taylor
series at xp is:

(i

k) _
T(xo, f Z X—Xg)’

i=0

NOVA.
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Conjecture (I'Hopital’s rule)

Let f and g be differentiable functions such that one of the following two conditions
hold:

m lim,_,,, f(x) =0 and lim,_,», g(x) =0, or
m lim,_,,, |f(x)] = oo and lim,_,, |g(x)| = .

f'(x)

Then limy_, 4, g _ lim,_,, g'(x)"

g(x)
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